We show that Ma's scotogenic model, which is arguably one of the simplest settings containing a Dark Matter candidate and generating a naturally suppressed active neutrino mass at 1-loop level, suffers from a severe hierarchy-type problem. In case the right-handed neutrinos involved have large enough masses, these may via loop effects drive the mass parameter of the inert scalar contained in the model towards negative values. This behaviour leads to a breaking of the Z 2 parity symmetry built into the model which is paramount to keep the setting consistent, because without it the model would lose its Dark Matter candidate and the neutrino mass would not be naturally suppressed. Trying to avoid this consistency problem leads to a new constraint on the model parameter space which has not yet been described in the literature. *
Introduction
The smallness of neutrino masses and the identity of the Dark Matter (DM) observed in space are among the greatest puzzles of modern elementary particle physics, along with the general question of how to extend our Standard Model (SM) and how to probe this extension at colliders. Among the most attractive candidate theories beyond the SM are those models which can at the same time address several of the known open problems, which is particularly true for models generating a light neutrino mass only at loop level (i.e., radiatively) -see e.g. Ref. [1] for a general study of how such settings can be constrained from both, low and high energy phenomenology. Depending on the particle content, there are models known which generate an active neutrino mass at 1-loop [2] , 2-loop [3, 4] , or 3-loop [5, 6] level, but probably the simplest extension still compatible with all data is Ma's scotogenic model [7] .
The scotogenic model just adds three right-handed neutrinos and an additional scalar doublet to the SM, all of which are charged under an additional Z 2 parity symmetry.
1 This symmetry is absolutely crucial for the model to work since without it, neutrino masses would already be generated at tree level and none of the possible DM candidates of the model would be stable. However, if the Z 2 is intact, the scotogenic model cannot only account for phenomenologically valid neutrino masses [8] [9] [10] and potentially for DM [8, 9, [11] [12] [13] , too, but it can also lead to a variety of interesting phenomena in low-energy experiments such as lepton flavour and/or number violation [8, 9, [14] [15] [16] [17] or in high-energy collider searches [18] [19] [20] [21] , as well as to new aspects for neutrino model building [10, 22, 23] .
Just a few years ago, the first study of the renormalisation group running of the scotogenic model has appeared in Ref. [24] , which has shown that running effects in particular of the 1-loop neutrino mass can indeed be large. More generally, the running may have a ("good" or "bad") influence on the model, e.g., it could happen that radiative corrections change certain properties of the model given at tree level. This is particularly true for the scalar potential, as is well-known from settings similar to the scotogenic model. For example, it has been shown in Ref. [25] that the existence of an inert scalar can trigger electroweak symmetry breaking at 1-loop level, even if it was not present at tree levela general fact that remains true if the setting is extended [26] or even discretised [27] . Ultimately, all these observations are based on the well-known fact that scalar mass parameters are in general known to be sensitive to the large scales of a theory [28] , which is particularly true for models with two Higgs doublets [29] .
In this paper, we apply exactly the same logic to the inert doublet, i.e., we investigate corrections to the mass parameter of the additional scalar of the model. This could lead to a fundamental problem of the setting since, as we will see, the contributions from the heavy right-handed neutrinos can drive the mass parameter of the inert scalar towards negative values. If that was the case, the new scalar would develop a vacuum expectation value (VEV) and by that break the crucial Z 2 parity symmetry, which is why we call this observation the parity problem of the scotogenic model. This would be disastrous given that, if the parity was not a conserved global quantum number, not only would the model lose the stability of its DM candidates but it would in fact be entirely pointless because of the light neutrino mass already being generated at tree level, by the VEV of the inert doublet. This observation reveals a serious consistency problem of the scotogenic model which, as we will see, leads to a strong constraint on the allowed parameter space.
Somewhat surprisingly, to our knowledge this observation has not yet been reported, even though it has been pointed out already several years ago that such possibilities could arise in particular in the context of loop-models [30] . While recently even a specific study of the high-scale validity of the scotogenic model had been presented [31] , it only treated the question of whether or not the potential is stable, i.e., has a global minimum. However, the simplest consideration of studying in how far the Z 2 parity of the model is threatened by radiative effects, has not been performed. We aim to close this gap and will in turn use the resulting consistency constraint to derive a phenomenologically relevant upper bound on the right-handed neutrino mass, in a way somewhat similar to how such a bound is found in settings featuring a tree level seesaw type [32] . This paper is organised as follows. After giving a brief overview of the scotogenic model in Sec. 2, we discuss in Sec. 3 the general possibilities for its possible vacuum configurations. Sec. 4 illustrates the approximate constraints arising from avoiding a violation of the Z 2 parity in the scotogenic model at any energy scale, which will lead us to a simple but astonishingly accurate formula that considerably limits the parameter space of the model. A more advanced numerical analysis of three different benchmark scenarios, which yields qualitatively consistent results, is presented in Sec. 5. We end our considerations with a brief discussion of how to exploit the constraint arising from the parity problem in future collider searches or in cosmology, see Sec. 6, before finally concluding in Sec. 7 . Technical details such as the relevant renormalisation group equations and their approximate solutions for the decisive limiting cases can be found in Appendices A and B, respectively.
Model Overview & Constraints
The scotogenic model [7] is certainly one of the simplest frameworks combining a naturally small neutrino mass at 1-loop level with several potential DM candidate particles. The particle content is basically that of the SM, supplemented by (typically) three righthanded (RH) neutrinos N i R (with i = 1, 2, 3) and a second scalar doublet called η with SM quantum numbers identical to that of the Higgs. However, the crucial addendum is an additional Z 2 (parity) symmetry, under which all SM particles are neutral whereas the new fields carry odd charges. It is this symmetry which simultaneously leads to the light neutrino mass being generated at 1-loop level only and to the stability of the potential DM candidates.
Related to the new fields and to the Z 2 parity, several qualitatively new terms appear in the Lagrangian:
• The RH neutrinos get a direct Majorana mass term
, which leads to the masses M 1,2,3 upon diagonalisation.
• A neutrino Yukawa coupling
involving the new scalar and the RH neutrinos in addition to the SM lepton doublets j L . It is crucial to observe that this term does not lead to a tree level neutrino mass term, as long as the Z 2 is unbroken and thus prevents the field η from obtaining a VEV.
• The full scalar potential involving both the SM Higgs φ as well as the "inert" Higgs η is given by:
In this expression both mass parameters m 2 1,2 must be real, as need to be the couplings λ 1,2,3,4 . In turn, λ 5 can be chosen real (and positive) by absorbing a possible phase into η.
Note that it is the combination of the Majorana mass term, of the new Yukawa coupling, and of the λ 5 -term in Eq. (1) which violates lepton number. If any of those coefficients was zero, a global U (1) lepton number could be consistently defined and the symmetry of the Lagrangian would be increased. Thus, by virtue of 't Hooft naturalness [33] , the RGEs for those quantities will only allow for changes proportional to the couplings themselves, so that they remain small everywhere if they are small at some energy scale, cf. Appendix A.
The scalar potential (1) needs to yield electroweak symmetry breaking (EWSB) with-out compromising the Z 2 parity. This suggests the following parametrisation: is given by [7] :
Note that this equation is equivalent to the condition m 2 R ≥ 0, i.e. the field η R will develop a VEV if this condition is violated. Had we allowed for a relative phase between v 1 and v 2 , we would find that now Im φ 2 , corresponding to η I , may develop a VEV. The condition to exclude this scenario is m 2 I ≥ 0. Similarly, in order not to break electric charge, we need m 2 ± ≥ 0. If we ignore a possible instability of the Z 2 -symmetric vacua, we may expand the theory around the wrong vacuum. Expanding around the correct vacuum however, will alter the phenomenological predictions of the model, and destroy the Z 2 symmetry.
Constraints due to radiative symmetry breaking
For illustrative purposes, we now show that a lower bound on the mass parameter m 2 can be obtained from demanding that the Z 2 symmetry be unbroken up to the GUT scale in a simplified model: we only consider one generation of fermions and assume m 2 1 (µ) > 0 for all µ, i.e. we study under which conditions only m 2 2 (µ) becomes negative. Assuming sufficiently small quartic scalar couplings, we ignore their contributions to the RGEs altogether and consider two simple but illustrative limiting cases, where all quantities under consideration are assumed to be real. In addition, we shall assume that the Majorana mass M does not run at all, which is justified due to the suppression factor of (16π
in the RGE, cf. Eq. (A-5) and Ref. [24] .
Case 1: Large neutrino Yukawa coupling (h(µ) g i (µ)) In this limiting case, neglecting any gauge and also all non-neutrino Yukawa couplings, we can approximate the coupled RGEs (A-4b) and (A-6b) for h and m 2 2 , respectively, as follows:
where
and we have suppressed explicit scale-dependences for brevity. These differential equations can be solved exactly (see Appendix B):
with t ≡ ln(µ/µ 0 ) where µ 0 is a reference scale. From this, we get a condition for the mass squared to become negative, i.e. for symmetry breaking to occur at some point t = t * ,
which yields in the linear approximation (where m
Case 2: Small neutrino Yukawa coupling (h(µ) g i (µ)) This case involves the gauge coupling RGEs (A-1), which in this limit look like:
The solutions are simple to find (see Appendix B for more details):
where we have defined the auxiliary function
For m 2 2 (t * ) ! = 0, we identify
Note that the conditions for both cases agree if m 
This example illustrates that, in the case of only one generation, we get a lower bound on the low scale input value of the inert mass parameter. Since the quartic couplings are themselves constrained and we hence cannot tune them freely to obtain small physical scalar masses in Eqs. (3b) to (3d), we may suspect that the physical masses themselves become constrained. To exemplify this will be the purpose of the following section.
Numerical Analysis
We now turn to the numerical analysis of the full system of RGEs for all three generations. Since many of the parameters of the scotogenic model are essentially unconstrained, we choose for some of them sensible input values. While it has to be emphasised that the results shown in this section depend on this choice, the crucial point is the qualitative statement that there is a non-trivial bound from avoiding the Z 2 breaking by radiative corrections. The main message is that, in an explicit study, one needs to take this bound into account for any given choice of parameters -as otherwise one would be in danger to consider a point in the parameter space which suffers from an internal inconsistency. The goal of this section is to illustrate that keeping the Z 2 intact at all energy scales invalidates points which would otherwise be allowed by all other constraints.
General Strategy
The model parameters "beyond the SM" are
some of which are constrained by neutrino oscillation experiments and possibly by cosmological observations. In spite of that, we chose to treat these numbers as free parameters just to keep the computation time under control. Since a particular leptonic mixing does not really touch our argumentation, we can neglect this point for the purpose of illustrating the parity problem of the scotogenic model. We fix λ 5 = 10 −9 at the input scale (for which we use the electroweak scale, i.e., the Z-pole at µ = M Z ), whose value is kept small by the corresponding RGE (A-7e). The conditions (4) also require that we use large enough values for λ 2 , such that it is positive for all energy scales. We find that, at the electroweak scale, λ 2 = 0.1 gives good results while the computation time can be limited.
For the neutrino Yukawa couplings h ij , we input a bimaximally mixed setup [42] at the GUT scale, which is known to potentially yield phenomenologically valid leptonic mixing at low energies [24] . To make sensible choices for the Majorana masses, we must first understand the relation between the two scalar mass parameters, m must lie within the range of the electroweak scale and at the same time it must not be too small to avoid Z 2 symmetry breaking.
However, there is one more player in the game: the RH neutrino Majorana masses, which drive this tension by their appearance in the RGE for m 2 2 , Eq. (A-6b). If chosen too heavy (we will see that 10 TeV is sufficiently large), demanding an unbroken Z 2 symmetry at all scales requires m 2 2 (M Z ) to be larger than allowed by the obligation to achieve EWSB. For illustrative purposes, we present three qualitatively different scans with the fol-lowing input masses, where all off-diagonal elements vanish:
Each setup captures a qualitatively different behaviour:
a) There is essentially no mass hierarchy -all masses lie around the TeV scale. This will already be sufficient to constrain the mass parameter m For each input scenario a) -c) we have generated a random set of 10 5 input values within
We then calculate the running. Eqs. (A-1) to (A-5) can be solved at once, since they do not depend on the choice of scalar input parameters. The SM input values have been chosen according to [43] . We then solve the RGEs for the running couplings of the scalar sector (λ 1,2,3,4,5 ), Eqs. (A-7a) to (A-7e), and check the consistency criteria for all energy scales between M Z and M GUT . 7 If these are not violated for any scale below the GUT scale, we solve the scalar mass parameter RGEs (A-6a) and (A-6b). If we do not find EWSB below 1 TeV, i.e. if m 2 1 (µ) ≥ 0, we reject the input values. Otherwise we distinguish two subcases depending on the sign of m 2 1 (µ), see the discussion below Eq. (7) which is considered for the running couplings now. In case we find that all vacua that respect the Z 2 parity are unstable, we reject the input values, too. By adhering to this approach, we can avoid rejecting input values because of a broken Z 2 symmetry although some other criterion fails as well, i.e., we determine exactly those points which would not be rejected if one did not know about the bound arising from radiative symmetry breaking.
There is one subtlety involved: since we are working in the MS scheme, the decoupling of heavy degrees of freedom is not manifest. If we want to vary the renormalisation scale down to small scales, we must integrate out the heavy fields in case we wish to lower the renormalisation scale below their mass thresholds [44] . We have implemented the decoupling of the heavy Majorana fields by hand. At any threshold µ * ! = M i (µ * ), we have to diagonalise the RH neutrino mass matrix, remove the row and column corresponding to the largest eigenvalue, and resume the running to lower scales in the corresponding effective field theory [24] . Similarly, in the neutrino Yukawa matrix h, we must remove the row corresponding to couplings of the heaviest Majorana field to lighter fields and match the remaining entries at the threshold. This matching must be carried out in the same basis where the Majorana mass matrix is diagonal [24, 45] , in order to clearly identify which entries to neglect at lower energies.
Since the leading effective operator, the so-called Weinberg operator [46] , does not give any contributions to the scalar or lepton self-energies due to hypercharge conservation and (at this order) vanishing lepton mass, the situation is simpler for the remaining couplings: here it suffices to remove a given RH neutrino contribution from an RGE at the threshold scale µ * = M i (µ * ), which can be technically done by a simple θ-function. Since higher-order effective operators are at least suppressed by two inverse powers of the heavy Majorana masses, this is in fact a very good approximation.
Note that, since we are interested in the physical masses of the scalar particles, we do not integrate them out -which would be a much more involved task. Besides, the effect on physics below this mass scale can be assumed to be small if we do not lower µ by many orders of magnitude.
Finally, one might object that having two input scales (M Z for the SM couplings and M GUT for neutrino Yukawa couplings and Majorana masses) must introduce errors upon integrating out fields. This is in principle true, since we start at the high scale and upon matching at the first threshold, we get a new prediction for the SM couplings, which may very well deviate from the previously chosen input values. However, in practice this effect is negligible, because the dominant contribution to all quantities is the top quark Yukawa coupling and its RGE (A-3a) is only influenced very indirectly by the matching, by the (very small) lepton Yukawa coupling. For consistency, we have compared our results to those obtained by only considering the top quark (so that it decouples from the matching) and find no deviation.
As mentioned in our discussion of the vacuum structure of a THDM, the inert doublet acquiring a VEV may not only lead to breaking of Z 2 , but it could also cause electric charge and/or CP violation. Note however that, since λ 5 is small for all renormalisation scales, we will have (to a high accuracy) degenerate CP-even and -odd neutral scalar masses: m R ≈ m I , such that CP violation is inseparable from the breaking of Z 2 . To also exclude such scenarios, we have made use of the equivalence of a squared mass becoming negative to the corresponding symmetry being broken (see Sec. 3). This has been investigated by replacing the Lagrangian parameters in the mass relations in Eqs. (3b) to (3d) by the running couplings and the tree level VEV by a running VEV (cf., e.g., Ref. [47] ):
where m 1 (µ) and λ 1 (µ) are the running 1-loop corrected mass parameter and quartic scalar coupling, respectively. This can be done because, in the broken phase, we only need counterterms that are invariant under the spontaneously broken symmetry group [48] . This means that we can obtain the counterterms in the broken phase from those in the symmetric phase. We can use this fact to construct running quantities in one phase from running quantities in the other [49] . Before we turn to the results of our numerical analysis, we would like to address one last theoretical aspect. In defining the "running VEV" in Eq. (21), we have argued that this is equivalent to a broken-phase calculation. In such calculations, one usually chooses a renormalised VEV such that the tadpole graphs vanish at a given order in perturbation theory, meaning that the shifted field h in Eq. (2) aquires no VEV itself [50] . Since we have adhered to the MS scheme, this is not true and the tadpoles would be non-zero (and divergent), had we calculated them in the broken phase. As shown in [51] , the correct tadpole contributions can be derived from an effective Coleman-Weinberg (CW) potential [52] , meaning that the three approaches are equivalent. This is not the full picture, however, since there exist cases, such as massless scalar QED, where there simply are no tadpoles at 1-loop level. 8 In such cases, the CW potential can point towards minima of the potential, which are not present at tree level. Since in the present work, we are only interested in the stability of the existing vacua, we shall not pursue an effective potential approach -which could however reveal the existence of further minima of the potential not present at tree level.
For consistency, we have investigated how our results would change if we included the CW correction to the scalar potential and we have found that it generates only small corrections to the running masses. For a possible treatment of this issue see for example references [53, 54] , which treat radiative symmetry breaking in the minimal supersymmetric Standard Model (MSSM) but otherwise resemble our situation qualitatively (apart from, of course, the tendency of the running being just opposite to our case, since the heavy super-partners of the quarks and charged leptons are bosons rather than fermions).
Results
Let us start with the results of the scan for case a), with three Majorana fermions of very similar masses. Fig. 2 shows the allowed and rejected input values at the electroweak scale. Here, all data points violating vacuum stability or perturbativity have already been excluded from the plot. The colour code is as follows:
• black dots: These are the points which fulfill all the constraints. All other points are excluded for various reasons.
• yellow dots: These points are excluded due to failing to produce EWSB below 1 TeV.
• red/green dots: These points are excluded only because they would lead to radiative breaking of the Z 2 symmetry, where m 2 R < 0 is signified by red dots and m 2 ± < 0 by green ones respectively. Thus, if not taking into account this constraint, we would erroneously classify these data points as being valid.
For a large range of input values for λ 3 and λ 4 , the criterion that we must encounter EWSB somewhere below 1 TeV translates into an upper bound on m 2 (M Z ), which is a function of λ 3 and λ 4 . The reason is that, as we have already discussed at the beginning of this section, too large values of m On the other hand, one can see that including the criterion of an unbroken Z 2 symmetry is essentially equivalent to a lower bound on m 2 (M Z ) -in our example about 550 GeV, indicated by the gray area in the plots. As can be seen particularly well in the left Fig. 2 , we have indeed found red and green points below this bound, i.e., if we did not impose the consistency requirement of the Z 2 symmetry to be unbroken at all scales, we would erroneously consider these points to be phenomenologically valid. Even above this bound it is visible that, for certain choices of λ 3,4 , there are some red and green dots whose failure we can only detect by taking into account the parity.
For the physical scalar masses in the MS scheme, we obtain values in the ranges clearly confirming our expectation of a lower bound on the physical masses.
Generalising our naïve estimate from Eq. (17) to the case of three generations, we find good agreement with the exact result 0.905 max
to be compared to the estimated value of 550 GeV. It looks nearly surprising that the simple estimates outlined in Sec. 4 leads to such a good agreement. However, given that there is quite a range possible for both Yukawa couplings and RH neutrino masses, it is in fact to be expected that, rather generically, one of the products of the form (neutrino Yukawa coupling) × (RH neutrino mass) will in most cases dominate over the others, thereby effectively mimicking the situation of only one RH neutrino being present. Glancing at Eq. (A-6b), one might be led to the assumption that, by raising the Majorana masses, the transition to negative values of m 2 2 can be pushed beyond M GUT , since below their mass thresholds the RH neutrino fields are integrated out. However such an attempt must fail since it is always overcompensated by the quadratic term in the RGE for m 2 2 , Eq. (A-6b). Only if we chose all M i ≥ M GUT , this could be achieved, but at latest at that point some other new physics would probably appear which may completely change the situation. Scenario b) with a mild hierarchy between the RH neutrino masses, whose outcome is shown in Fig. 3 , illustrates this point very well: for this case we have used input values of m 2 (M Z ) up to 8000 GeV. One can see that out of the huge number of points only very few are valid (i.e., black), which are situated around (λ 3 , λ 4 , m 2 ) ≈ (0.15, −0.26, 2400 GeV) -note that 2λ 3 + λ 4 < 0. This clearly illustrates that the tension between having a broken electroweak phase below 1 TeV and an unbroken Z 2 symmetry, as discussed above, is too large for the validity of the model to be maintained for the bulk of the parameter space. This reveals how remarkably difficult it can be in reality to find valid parameter points for such a simple model. In addition, for case b), we obtain no physical scalar mass below 2 TeV, which is very undesireable from a phenomenological point of view. This is in agreement with the naïve estimate, which predicts m 2 (M Z ) 2100 GeV.
In the input scenario c), we find in Fig. 4 that again a similar picture as in case a) arises, but this time with a lower bound of m 2 (M Z ) 200 GeV. While this is true for a large part of the λ 3 − λ 4 plane, there exist a few parameter constellations that allow for m 2 (M Z ) < 200 GeV. Again this can be understood from the RGEs (A-6a) and (A-6b), which show that a small m 
and are less constrained than before. In this case, the naïve estimate from Sec. 4, Eq. (17), yields 0.905 max which does not capture the full picture, in which this bound may be circumvented.
Implications for collider physics and cosmology
Before we conclude, let us briefly mention a few potential applications of our considerations both in near future collider detections and in cosmology. Suppose that, within the next few years, a further (seemingly fundamental) scalar doublet is detected at LHC with a mass of, say, 500 GeV, and without measurable couplings to quarks. Such a scalar could be produced by its couplings to ordinary gauge bosons [18] , even if inert.
In the case of the scotogenic model, Eqs. (3c) and (3d) would then immediately imply that the scalar mass parameter m 2 should also be roughly of the order of 500 GeV, in case the couplings λ 3,4,5 are so small that the mass parameter basically determines the physical inert scalar mass. Also in case λ 3,4 were positive (λ 5 is expected to be small anyway), an upper bound on m 2 would be implied. This relatively generic conclusion would immediately allow us to use Eq. (17) to estimate the value of hM in case we want m quite generally constrained by both neutrino physics and other low energy phenomenology. Having more information on the scalar potential would in addition help us to refine this rough upper bound so that, with a bit of luck and a sufficient amount of information from complementary sectors, we may be able to derive solid hints on where to look for signs of the scotogenic model at a collider.
Furthermore, even if the mass bounds of for the RH neutrinos might potentially be too large to be observed in ground-based experiments, they might have cosmological impact and e.g. influence leptogenesis within the scotogenic model [55] [56] [57] . This is known to impose a non-trivial constraint for tree level seesaw-type settings [32] , and qualitatively the same holds for the scotogenic model (taking into account the constraints discussed in Secs. 4 and 5) .
Considering the DM side of the scotogenic model, the parity problem quite generally implies that neither the scalar mass nor the RH neutrino mass should be too large, cf. the discussion in Sec. 5.1. This could in particular hint towards DM consisting of comparatively light sterile neutrinos, which is known to work very well (see e.g. Refs. [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] for suitable production mechanisms). While such settings are discussed from a phenomenological point of view in the context of the scotogenic model [8, 13] , it should however be noted that it is non-trivial to motivate such scenarios within the model from a theoretical point of view, i.e., it is not easy to find a convincing explanation for why the three RH neutrinos should be light in this particular framework [72] .
Conclusions
We have illustrated that the scotogenic neutrino mass model suffers from a parity problem, i.e., it is in danger that its intrinsic built-in Z 2 parity symmetry, which is absolutely crucial for the model to yield viable active neutrino masses and possibly a Dark Matter candidate, is broken by quantum effects driven by the heavy right-handed neutrinos involved. This issue imposes a visible constraint on the parameter space available, in particular because the most generic solution, i.e., simply pushing the corresponding mass parameter in the Lagrangian to large enough values to avoid the breaking, does not work due to electroweak symmetry breaking being threatened. Thus, the scotogenic model suffers from tension from two different sides which considerably shrinks the allowed parameter ranges.
After introducing the scotogenic model and its general vacuum structure, we have shown both analytically and by an exact numerical evolution that non-trivial constraints arise from trying to avoid the parity problem. In particular we have shown that there exist regions in parameter space which are consistent with all other constraints and which would hence be erroneously regarded as valid if the parity problem was not taken into consideration. However, the fact that quantum corrections are unavoidable makes it necessary to ensure for any parameter point that the Z 2 symmetry is not broken so that the consistency of the model is not spoiled. We have derived a resulting approximate relation between the inert scalar and right-handed neutrino masses, which can even have implications for future collider searches or for cosmology. Our considerations are based on the 1-loop renormalisation group equations of the scotogenic model which we have re-derived and, in passing, updated compared to previous versions found in the literature.
Summing up, we have revealed a somewhat subtle but non-trivial constraint on the scotogenic model which however is able to strongly reduce the allowed parameter space. This makes it necessary for future considerations to check whether the parity problem exists for a certain choice of parameters, or not, in order to avoid the trap of studying physically irrelevant regions of the model.
A Renormalisation group equations of the scotogenic model
The 1-loop RGEs for the scotogenic model have first been computed in Ref. [24] . We have re-derived those equations needed for the purpose of this paper, and we have in passing taken the opportunity to update part of the earlier results. where t ≡ ln (µ/µ 0 ), where µ 0 is a reference scale, such that µ
is Eq. (A-6b), where it suffices to remove the corresponding contribution by a suitable θ-function (see the discussion in Sec. 5.1 for more details). Finally, we obtain for the quartic scalar couplings, in accordance with Ref. [75] : 
e Y e . As to be expected, glancing at Eqs. (A-4b), (A-5), and (A-7e) we can see that the changes in all LNV couplings are proportional to the couplings themselves. This in fact provides a motivation for all the corresponding quantities to be "small".
B Solutions to the RG equations in the two limiting cases
In the case of a large Yukawa coupling, where the approximate RGEs are given by Eq. (9), we immediately find h(t) = where C 1 is an integration constant. For the inhomogeneous problem, a particular solution is given by y i (t) = 2M 2 . Putting both solutions together and observing that y(0) = C 1 + 2M 2 , we obtain
